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RELATION BETWEEN CARTESIAN AND CYLINDRICAL COORDINATES: Each point in
R3 is represented using 0 < r < 00, 0 < 0 < 27, —00 < 2z < 0.

As with polar coordinates in the plane, note that 22 + y? = r2.
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It is clear from this image that we should have AV =~ r Ar A§ Az. This leads us to the following

conclusion: DU/ = YDLY‘ 0(,9 01/21.
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Figure 3.6.2: The “snow
cone” § and the pro-
jected region R.
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Example 3.6.1. Find the volume of the solid region S which is above the half-cone
given by z = y/x2 + y? and below the hemisphere where z = /8 — z2 — y2.
Solution:

Note that, in cylindrical coordinates, the half-cone is given by z = v/r2 = r and the
hemisphere is given by z = v/8 — r2.

To find the volume, we need to calculate / / / dv.
s
The projected region R in the zy-plane, or rf-plane, is the inside of the circle

(thought of as lying in a copy of the zy-plane) along which the two surfaces intersect.
To find this circle, we set the two z’s equal to each other and find

r=1+8—-1r2 or, equivalently, r?2 =8—r2

We find

2r? = 8, so  r?=4, and, hence, r=2.

Thus, R is the disk in the xy-plane where r < 2.
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RELATIONSHIP BETWEEN CARTESIAN AND SPHERICAL COORDINATES: Each point
in R3 is represented using 0 < p<o00,0< ¢ <7, 0<0 < 2m.

x = psin¢cosb,
Yy = psin¢sin b,
zZ = pcos ¢.

Also, 2 + y? + 22 = p2.
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We can sce that the small volume AV is approximated by AV = p?sin ¢ Ap A¢ Af. This brings us
to the conclusion about the volume element dV in spherical coordinates: DU/ _ Ql $in ﬁ M? Dl¢ 0(/{9
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